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THE KERNEL UNIPOTENT CONJECTURE AND THE VANISHING OF MASSEY
PRODUCTS FOR ODD RIGID FIELDS
JÁN MINÁCˇ AND NGUYỄN DUY TÂN
(WITH AN APPENDIX BY IDO EFRAT, JÁN MINÁCˇ AND NGUYỄN DUY TÂN)
ABSTRACT. A major difficult problem in Galois theory is the characterization of profinite
groupswhich are realizable as absolute Galois groups of fields. Recently the Kernel n-Unipotent
Conjecture and the Vanishing n-Massey Conjecture for n ≥ 3 were formulated. These conjec-
tures evolved in the last forty years as a byproduct of the application of topological methods
to Galois cohomology. We show that both of these conjectures are true for odd rigid fields.
This is the first case of a significant family of fields where both of the conjectures are verified
besides fields whose Galois groups of p-maximal extensions are free pro-p-groups. We also
prove the Kernel Unipotent Conjecture for Demushkin groups of rank 2, and establish various
filtration results for free pro-p-groups, provide examples of pro-p-groups which do not have
the kernel n-unipotent property, compare various Zassenhaus filtrations with the descending
p-central series and establish new type of automatic Galois realization.
1. INTRODUCTION
In 1928, W. Krull in [Kr] introduced a topology for a general Galois group. Thus each
Galois group is a profinite topological group. If F is a field and Fsep is its separable closure,
then GF = Gal(Fsep/F) - the Galois group of Fsep over F - is called the absolute Galois group
of F. What special properties do absolute Galois groups have among all profinite groups?
In the classical papers [AS1, AS2] published in 1927, E. Artin and O. Schreier developed a
theory of real fields, and they showed in particular that the only non-trivial finite subgroups
of absolute Galois groups are groups of order 2. In [Be], E. Becker developed some parts of
Artin-Schreier theory by replacing separable closures of fields by maximal p-extensions of
fields. Conjectures 1.1 and 1.3 below describe conjecturally rather important special prop-
erties of absolute Galois groups and their maximal pro-p-quotients. In [MT1] we explained
how these conjectures evolved over a number of years.
Let G be a profinite group and let Fp be a field with p elements considered as a discrete
G-module with trivial action. For each i ∈ N ∪ {0}, let Hi(G,Fp) be the i-th cohomology of
G with Fp-coefficients. Let α1, . . . , αn ∈ H1(G,Fp). In Section 7, we recall the definition of an
n-fold Massey product
〈α1, . . . , αn〉 ⊆ H2(G,Fp),
when it is defined. So an n-fold Massey product is not always defined, and when it is de-
fined, in general it is not a single-valued function of α1, . . . , αn but it is a subset of H2(G,Fp).
Nevertheless the significance of n-Massey products for Galois theory is considerable. An
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important theorem is Dwyer’s theorem [Dwy, Theorem 2.4], quoted as Theorem 7.2 below
in our paper. It shows that certain lifts of unipotent representations are possible if and only
if 〈α1, . . . , αn〉 is defined and 0 ∈ 〈α1, . . . , αn〉. If this is so, then we say that 〈α1, . . . , αn〉 van-
ishes. Assume that a prime p and an integer n ∈ N are given. If, for each 〈α1, . . . , αn〉 which
is defined, we have that 〈α1, . . . , αn〉 vanishes, then we say that G has the vanishing n-fold
Massey product property with respect to Fp.
In searching for other significant Galois groups which could play an analogous role as
dihedral groups of oder 8, play in the quotients of GF(2) by its third descending 2-central
series, the authors of [GLMS] found certain groups G1 and G2 of order 32 and 64 respectively.
In 2004 J. Labute, during his visist to the first author, pointed out the significance of Massey
products for Galois theory, and he pointed out two remarkable works [Mo1] and [Vo]. In
2011 the first author, while working with I. Efrat, observed the relevance of Massey products
with work in [GLMS]. Then in 2013, I. Efrat [Ef1] investigated a property of profinite groups,
what we later christened as the kernel n-unipotent property bellow. In [MT1] it was observed
that G2 ≃ U4(F2) and G1 is isomorphic to a subgroup of U4(F2). Moreover it was shown
that G1 and G2 play an important role in vanishing triple Massey products with respect to
p = 2. Finally the following conjecture was formulated in [MT1].
Conjecture 1.1. Let p be a prime number and n ≥ 3 an integer. Let F be a field, which contains a
primitive p-th root of unity if char(F) 6= p. Then the absolute Galois group GF of F has the vanishing
n-fold Massey product property with respect to Fp.
This conjecture is a significant conjecture in Galois theory, and in each case when it can
be established for any particular family of fields, any n ∈ N, n ≥ 3 and any prime p, it has
remarkable consequences for the automatic realization of Galois groups and the structure of
absolute Galois groups. For further motivations, results and applications, see [MT1].
In [MT1] we show that Conjecture 1.1 is true for n = 3, p = 2, and all fields. This is the
first case when the validity of this conjecture is established for all fields. This results extends
a previous result of M. J. Hopkins and K. G. Wickelgren in [HW], where they prove this
result for global fields of characteristic not 2. In [MT1] we also prove Conjecture 1.1 for all
local fields and all n ≥ 3, and all primes p. In [MT2] we prove Conjecture 1.1 for algebraic
number fields n = 3 and all primes p.
In [MT1] the Kernel n-Unipotent Conjecture recalled below, was also formulated and dis-
cussed. In Section 2 we recall the definition of the p-Zassenhaus filtration G(n) for any profi-
nite group G and prime number p. Recall that for a unital commutative ring Λ, Un(Λ) is
the group of all upper-triangular unipotent n× n-matrices with entries in Λ. The following
very interesting property of profinite groups was first studied in [Ef1].
Definition 1.2. Let G be a pro-p-group and let n ≥ 1 be an integer. We say that G has the
kernel n-unipotent property if
G(n) =
⋂
ker(ρ : G → Un(Fp)),
where ρ runs over the set of all representations (continuous homomorphisms) G → Un(Fp).
It is easy to see that for n = 1 and 2, every pro-p-group G has the kernel n-unipotent
property. In Appendix written jointly with Ido Efrat, we show that for each n ≥ 3 there
exists a finitely generated pro-p-group G such that G does not have the kernel n-unipotent
property. In analogy with transcendental numbers, although we assume that many pro-p-
groups do not have the kernel n-unipotent property, one has to find a suitable family in order
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to able to check this. In a subsequent paper [MT3], we show that every pro-p Demushkin
group has the kernel n-unipotent property for n = 3, 4. In Section 5, we also show that
pro-p Demushkin groups of rank 2 have the kernel n-unipotent property for all n ≥ 3 (see
Proposition 5.4). It is shown in [Ef1, Theorem A] that every free pro-p-group has the kernel
n-property for all n ≥ 3. This theorem was in [Ef1] deduced from a more general theorem
called Theorem A’ in [Ef1]. (In Section 2, we provide an alternative direct short proof (see
Theorem 2.6 part a). That such a proof is possible was announced earlier in [MT1, Section
8]. Recently, Efrat in [Ef2] also obtained such a proof independently from us.)
It was shown that for G = GF(p), where F is a field containing a primitive p-th root of
unity, G has the kernel 3-unipotent property. (See [MS2, Vi, EM1] for the case p = 2 and
[EM2, Example 9.5 (1)] for the case p > 2.) These are deep results closely related to the
well-known Merkurjev-Suslin theorem ([MeSu]).
Conjecture 1.3 (Kernel n-Unipotent Conjecture). Let F be a field containing a primitive p-th root
of unity and let G = GF(p). Let n ≥ 3 be an integer. Then G has the kernel n-unipotent property.
A connection between Conjectures 1.1 and 1.3 is via Dwyer’s theorem quoted as Theo-
rem 7.2 below. Namely, in order to obtain n-unipotent representations of G = GF we need
n-Massey products vanishing for suitable α1, . . . , αn−1 ∈ H1(G,Fp).
The main results in our paper are Theorems 5.2 and 8.1. In them we establish both the
Vanishing n-Massey Conjecture and the Kernel n-Unipotent Conjecture for p-rigid fields
(p > 2) and for all n ≥ 3. We shall now recall the definition of rigid fields.
Assume p > 2. This assumption is made throughout the paper except when we explicitly
consider p = 2. Let F be a field, which we assume to contain a fixed primitive p-th root of
unity ζp. For each a ∈ F× = F \ {0}, we have an element χa ∈ Hom(GF,Fp) = H1(GF,Fp)
defined by σ( p
√
a) = ζχa(σ)p p
√
a, for all σ ∈ GF.
Then F is p-rigid if and only if χa ∪ χb = 0 ∈ H2(GF,Fp) implies that χa,χb ∈ H1(G,Fp)
are linearly dependent over Fp. (This definition coincides with the one given in Defini-
tion 4.1.) Since we assume that p > 2, we sometimes call such a field an odd rigid field.
Besides fields F with GF(p) free pro-p-groups or Demushkin pro-p-groups, p-rigid fields
play a fundamental role in current studies of Galois groups of maximal p-extensions. (See
e.g., [CMQ], [EK], [Wa1],[Wa2] and [Wa3].)
The structure of this paper is as follows. In Section 2 wewill present another (short and di-
rect) proof for a result, which was first proved by I. Efrat ([Ef1]), that every free pro-p-group
has the kernel n-unipotent property for all n (Theorem 2.6 part a). At the same time, we
obtain analogous new results for other filtrations, such as the descending central series and
the descending p-central series. The result for the descending p-central series is interesting
because it provides us with first steps toward an analogy to the Kernel n-Unipotent Con-
jecture when we replace the p-Zassenhaus filtration by the descending p-central series. We
also obtain discrete versions of these results (see Theorem 2.7). In Section 3 we provide some
results on unipotent matrices which we shall later use for constructing unipotent represen-
tations. In Section 4 we recall some basic facts on the structure of Galois groups of maximal
p-extensions of odd p-rigid fields. Using results obtained in Section 3 and the results recalled
in Section 4, we prove the Kernel n-Unipotent Conjecture for odd rigid fields in Section 5. In
this section we also show that every Demushkin group with rank at most 2 has the kernel
n-unipotent property for all n. In Section 6, for a given n ≥ 3, we provide an example of
a torsion-free pro-p-group which does not have the kernel n-unipotent property. We also
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compare the p-th and (p+ 1)-th terms in the p-Zassenhaus filtration with the third term in
the descending p-central series for GF(p), here F is a field containing a primitive p-th root
of unity (see Proposition 6.2). In Section 7, we review some basic facts on Massey products.
In Section 8 we prove the Vanishing n-Massey Conjecture for any odd rigid field and for
any n. See Theorem 8.5. This result is a consequence of a more general result, Theorem 8.1.
The latter theorem has its own interest because it deals with general fields which contain
a primitive p-th root of unity if their characteristic is different from p, and it also provides
an explanation of the well-known result of Artin-Schreier result mentioned at the beginning
of the Introduction. In this last section, we also derive a new type of automatic Galois re-
alization (see Corollary 8.4). In Appendix written jointly with Ido Efrat, for each n ≥ 3 we
provide examples of pro-p-groups which do not satify the kernel n-unipotent property.
Acknowledgements: We are very grateful to Ido Efrat for his previous collaboration and
his important contributions related to the formulation of the Kernel Unipotent Conjecture
and results on its validity and to both Ido Efrat and Julien Blondeau for interesting discus-
sions. We would like to thank Sunil Chebolu and Claudio Quadrelli for working with the
first author on rigid fields. We would like to thank the referee for his/her careful reading
and suggestions which we used to improved our exposition.
2. KERNEL CONJECTURE FOR FREE-p-GROUPS
Recall that for a profinite group G and a prime number p, the descending central series
(Gi), the descending p-central series (G(i)) and the p-Zassenhaus filtration (G(i)) of G are
defined inductively by
G1 = G, Gi+1 = [Gi,G],
by
G(1) = G, G(i+1) = (G(i))p[G(i),G],
and by
G(1) = G, G(n) = G
p
(⌈n/p⌉) ∏
i+j=n
[G(i),G(j)],
where ⌈n/p⌉ is the least integer which is greater than or equal to n/p. (Here for closed sub-
groups H and K of G, the symbol [H,K]means the smallest closed subgroup of G containing
the commutators [x, y] = x−1y−1xy, x ∈ H, y ∈ K. Similarly, Hp means the smallest closed
subgroup of G containing the p-th powers xp, x ∈ H.)
Let Λ be Zp or Zp/prZp = Z/prZ with r ∈ N. Let S be a free pro-p-group on a fi-
nite set of generators x1, . . . , xd. Then we have the Magnus homomorphism from the com-
pleted group algebra Λ[[S]] to the ring Λ〈〈X1, . . . ,Xd〉〉 of the formal power series in d non-
commuting variables X1, . . . ,Xd over Λ (equipped with the topology of coefficient-wise con-
vergence).
ψ : Λ[[S]] → Λ〈〈X1, . . . ,Xd〉〉, xi 7→ 1+ Xi.
One basic result is the following
Lemma 2.1. The Magnus homomorphism ψ is a (continuous) isomorphism.
Proof. See, for example, [Se2, Chapter I, Proposition 7] or [Laz, Chapter 6]. 
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A multi-index I = (i1, . . . , ik) is called of height d if 1 ≤ ir ≤ d. Its length |I| is k. If
multi-indices I = (i1, . . . , ik), J = (j1, . . . , jl) are given, we denote by
I J = (i1, . . . , ik, j1, . . . , jl),
the concatenation of I and J. Also for a multi-index I = (i1, . . . , ik) of height d, we set
XI = Xi1 · · · Xik .
TheMagnus expansion (relative to Λ) ψ(s) of s ∈ S is given by
ψ(s) = 1+ ∑
I
ǫI,Λ(s)XI ,
where I runs over all multi-indices of height d. So for each I, we have a map ǫI,Λ : S → Λ.
For I = ∅, we define ǫ∅,Λ(s) = 1, for all s ∈ S.
The next lemma records some quite well-known facts.
Lemma 2.2. Let σ, τ be elements in S. Let n ≥ 2 be an integer.
(a) For any multi-index I of height n, one has
ǫI,Λ(στ) = ∑
I1 I2=I
ǫI1 ,Λ(σ)ǫI2 ,Λ(τ).
(b) We have σ ∈ Sn if and only if ǫI,Zp (σ) = 0 for every multi-index I with 1 ≤ |I| < n.
(c) We have σ ∈ S(n) if and only if ǫI,Fp (σ) = 0 for every multi-index I with 1 ≤ |I| < n.
(d) We have σ ∈ S(n) if and only if v(ǫI,Zp (σ)) ≥ n − |I| for every multi-index I with 1 ≤
|I| < n. Here v is the p-adic valuation on Zp (v(p) = 1).
Proof. (a) It just follows from the fact that ψ is a homomorphism.
(b) See e.g., [Mo2, Proposition 8.15].
(c) See e.g., [Vo2, Lemma 2.19] and/or [Ef1, Proposition 6.2]. The key point here is that by
the Jennings-Brauer theorem (see [DDMS, Theorem 12.9]), the p-Zassenhaus filtration on S
coincides with the filtration induced from the IFp(S)-adic filtration on Fp[[S]] (here IFp(S) is
the augmentation ideal of Fp[[S]]). Namely, we have S(n) = {s ∈ S | s− 1 ∈ InFp(S)}.
(d) See e.g., [Ko2, Theorem 7.14] together with Lemma 2.1, or [Ko1, Satz 1]. 
The following lemma was proved in [Ef1, Lemma 7.4].
Lemma 2.3. Let I = (i1, . . . , ik) be a multi-index. We define a map
ρ = ρI,Λ : S → Uk+1(Λ),
by
ρ(σ)µν = ǫ(iµ,...,iν−1),Λ(σ),
for σ ∈ S and µ < ν (the other entries being obvious). Then ρ is a continuous group homomorphism.
Proof. It follows from Lemma 2.2 a). 
For 1 ≤ i, j ≤ n, let eij be the n × n matrix with the 1 in Λ in the position (i, j) and 0
elsewhere. It is well-known that the set of elements 1 + ei,i+1, i = 1, . . . , n, generate the
group Un(Λ). (See [We, page 455].)
Lemma 2.4. Let n, r, s ≥ 1 be integers. Then we have
Un(Zp)n = Un(Fp)(n) = Ur(Z/p
sZ)(r+s−1) = 1.
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Proof. We only give a proof for the statement Ur(Z/psZ)(r+s−1) = 1. Other statements are
proved similarly and even more easily.
Let S be a free pro-p-group on r − 1 generators x1, . . . , xr−1. We consider the multi-index
I = (1, . . . , r− 1) of length r− 1. Then by Lemma 2.3, we have a continuous homomorphism
ρ = ρI,Z/psZ : S → Ur(Z/psZ)
which is defined by
ρ(σ)µν = ǫ(µ,...,ν−1),Z/psZ(σ),
for σ ∈ S and µ < ν (the other entries being obvious). In particular ρ(xi) = 1+ ei,i+1, for
i = 1, . . . , r− 1. Thus ρ is surjective, and hence ρ(S(r+s−1)) = Ur(Z/psZ)(r+s−1).
Now let σ be any element in S(r+s−1). For each sub-multi-index J ⊆ I, we have vp(ǫJ,Zp(σ))+
|J| ≥ r+ s− 1 by Lemma 2.2 part d). Thus vp(ǫJ,Zp(σ)) ≥ s, and hence ǫJ,Z/psZ(σ) = 0. It
implies that ρ(σ) = 1. Therefore Ur(Z/psZ)(r+s−1) = ρ(S(r+s−1)) = 1. 
Lemma 2.5. Let G be a pro-p-group.
(a) Every continuous homomorphism ρ : G → Un(Zp) is trivial on Gn.
(b) Every continuous homomorphism ρ : G → Un(Fp) is trivial on G(n).
(c) For each k = 1, . . . , n− 1, every continuous homomorphism ρ : G → Uk+1(Z/pn−kZ) is
trivial on G(n).
Proof. (a) This follows from the fact that Un(Zp)n = 1.
(b) This follows from the fact that Un(Fp)(n) = 1.
(c) This follows from the fact that Uk(Z/pn+1−kZ)(n) = 1. 
Part a) of the following theoremwas first proved by I. Efrat in [Ef1, TheoremA]. (In [MT1]
we mentioned that we found a short direct proof of it but we did not write details of this
proof.) After completion of the previous version of our paper, we received from I. Efrat,
the preprint [Ef2], where he also found a direct proof of this fact, and he also characterized
independently from us the n-th term S(n) of the descending p-central series of a free pro-p-
group S under a condition that n < p (see [Ef2, Version 1, Theorem in Introduction]). In
our correspondence with Efrat, we clarified that our use of Koch’s Theorem 7.14 in [Ko2]
was correct. In the new version, Efrat was able to remove the extra hypothesis n < p.
(See [Ef2, Version 2, Theorem in Introduction]). As we mentioned in the introduction, this
characterization of S(n) is important for a possible formulation of an analogue of the Kernel
n-Unipotent Conjecture for the descending p-central series rather than the p-Zassenhaus
filtration of absolute Galois groups.
In addition in [Ef2] the discrete variant of the version of Theorem 2.6 is our Theorem 2.7
below is also obtained. Efrat also points out in [Ef2, Introduction] that in Theorem 2.7 (b) we
recover the result of Grün [Gr]. (See also [Ef2, Example 6.2].) We refer to the very interesting
history of this result to [CM, Chapter 2, Section 7] and [Ro, Section 6]. In order to illustrate
historical developments we have added additional references following I. Efrat; namely to
the crucial work of W. Magnus [Mag1] and [Mag2] related to some filtration of free groups.
Magnus’s paper [Mag1] initiated this research. In our proof we use only [Wi2]. The paper
of Grün is not easy to read and it contains some gaps. Again following Efrat we refer the
reader to a nice exposition of Grün’s work (see [Röh]). One should also mention that the
results in [Ko1] form extensions of the previous results of [Sko], who proved these results
for odd primes p, while Koch was able to extend them for all primes. Lazard’s thesis [Laz]
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contains a systematical approach to filtrations on groups obtained from filtrations on rings
building on the pioneering work of [Mag2], [Wi2] and a number of others. In Chapter 5,
in particular, Lazard deals with both the Zassenhaus filtration and the descending p-central
series. Zassenhaus’s original dimension groups were considered in [Zas].
The mathematical content of [Ef2] and our results in Section 2 were obtained indepen-
dently from each other and they seem to nicely complement to each other.
Theorem 2.6. Let S be a free pro-p-group and n ≥ 1. Then
(a) S(n) is the intersection of all kernels of linear representations ρ : S → Un(Fp).
(b) Sn is the intersection of all kernels of linear representations ρ : S → Un(Zp).
(c) S(n) is the intersection of all kernels of linear representations ρ : S → Uk+1(Z/pn−kZ),
where k = 1, . . . , n− 1.
Proof. It suffices to consider that the case S is finitely generated by a limit argument ([RZ,
Lemma 3.3.11]).
a) By Lemma 2.5, one has
S(n) ⊆
⋂
ker(ρ : S → Un(Fp)).
Now let σ be any element in S \S(n). We shall show that there exists a group representation
ρ : S → Un(Fp) such that σ 6∈ ker ρ and then we are done.
In fact, by Lemma 2.2 c), there exists a multi-index I = (i1, . . . , ik) of length kwith 1 ≤ k ≤
n− 1 such that ǫI,Fp (σ) 6= 0. By Lemma 2.3, the map ρ : S → Uk+1(Fp) defined by
ρ(τ)µν = ǫ(iµ,...,iν−1),Fp(τ) (µ < ν),
is a continuous group homomorphism. Since k+ 1 ≤ n, we can embed Uk+1(Fp) →֒ Un(Fp)
and obtain a homomorphism still denoted by ρ,
ρ : S → Uk+1(Fp) →֒ Un(Fp).
Then ρ(σ)1,k+1 = ǫI,Fp (σ) 6= 0. Therefore σ 6∈ ker ρ, as desired.
b) We proceed in the same way as in part a).
c) We proceed in the same way as in part a). However, for the convenience of the reader,
we include a full proof here. By Lemma 2.5 c), one has
S(n) ⊆
n−1⋂
k=1
⋂
ρ
ker(ρ : S → Uk+1(Z/pn−kZ)).
Now let σ be any element in S \ S(n). By Lemma 2.2 d), there exists a multi-index I =
(i1, . . . , ik) of length k with 1 ≤ k ≤ n− 1 such that v(ǫI,Zp (σ)) < n − k. This implies that
ǫI,Z/pn−kZ(σ) 6= 0. By Lemma 2.3, the map ρ : S → Uk+1(Z/pn−kZ) defined by
ρ(τ)µν = ǫ(iµ,...,iν−1),Z/pn−kZ(τ) (µ < ν),
is a continuous group homomorphism. We have ρ(σ)1,k+1 = ǫI,Z/pn−k(σ) 6= 0. Therefore
σ 6∈ ker ρ, as desired. 
Now let S be an abstract (discrete) free group on d generators x1, . . . , xd. Let Λ be Z or
Z/prZ with r ∈ N. We also have the Magnus homomorphism
ψ : Λ[S] → Λ〈〈X1, . . . ,Xd〉〉, xi 7→ 1+ Xi.
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Lemmas 2.1-2.5 have their obvious counterparts in this case. These lemmas still hold true in
the discrete setting by some obvious changes, for example, by replacing Zp by Z, completed
group algebras by group algebras. Note also that the Magnus homomorphism ψ is injective
(see [Mo2, Lemma 8.1] and [Ko2, Lemma 4.4]). The counterpart of Lemma 2.2 b) is ensured
by a result of Witt [Wi2, Satz 11], see also [Mo2, Proposition 8.5]. By proceeding in the same
way as in the proof of Theorem 2.6, we immediately obtain the following discrete version of
Theorem 2.6.
Theorem 2.7. Let S be a finitely generated free group and n ≥ 1. Then the following statements are
true.
(a) S(n) is the intersection of all kernels of linear representations ρ : S → Un(Fp).
(b) Sn is the intersection of all kernels of linear representations ρ : S → Un(Z).
(c) S(n) is the intersection of all kernels of linear representations ρ : S → Uk+1(Z/pn−kZ),
where k = 1, . . . , n− 1.
3. SOME RESULTS IN UNIPOTENT REPRESENTATIONS OF FINITE GROUPS
Let K be a field of characteristic p > 0 and let s ≥ 1 be an integer. Let X be the square
matrix of size n := 1+ ps having zero everywhere except for 1’s in the positions (i, i + 1),
1 ≤ i ≤ n− 1. Note that 1+ X is in Un(K). We denote by K[X] the K-algebra generated by
X in the full matrix algebra Matn(K).
Lemma 3.1. Let the notation be as above. Then the following are true.
(1) Xn = 0 but Xn−1 6= 0.
(2) For f (X) = alXl + al+1Xl+1 + · · · ∈ K[X] with al 6= 0, f (X) is a unit in K[X] if and
only if l = 0.
(3) Every K-algebra automorphism ϕ : K[X] → K[X] is determined by the value of ϕ(X) and
has the form ϕ(X) = X f (X) with f (X) a unit in K[X]. Conversely, if f (X) is a unit in
K[X] then ϕ(X) = X f (X) defines a K-algebra automorphism ϕ of K[X].
Proof. (1) and (2) are straightforward.
(3) Assume that ϕ : K[X] → K[X] is a K-algebra automorphism. Then we write
ϕ(X) = alX
l + al+1X
l+1 + · · · =: Xl f (X) ∈ K[X],
where al 6= 0. Then f (X) is a unit in K[X]. It remains to show that l = 1. Since X is not a
unit, ϕ(X) is not a unit either. Hence l ≥ 1. But l cannot be ≥ 2. Otherwise we would have
ϕ(Xn−1) = Xl(n−1) f (X)n−1 = 0,
because l(n− 1) ≥ 2(n− 1) > n as n = ps + 1 ≥ 3. This is a contradiction since ϕ is injective
and Xn−1 6= 0. Therefore l = 1, as desired.
Conversely, assume that f (X) = a0 + a1X + · · · , a0 6= 0, is a unit in K[X]. Let ϕ : K[X] →
K[X] be a K-algebra endomorphism defined by ϕ(X) = X f (X). Then ϕ(Xi) = Xi f (X)i and
the matrix M of ϕ with respect to the base {1,X, . . . ,Xn−1} of the K-vector space K[X] is a
lower triangular matrix with 1, a0, a20, . . . , a
n−1
0 on the diagonal. Since det(M) = ∏
n−1
i=1 a
i
0 6=
0, ϕ is an isomorphism as a K-linear map. We denote by ψ its inverse as a K-linear map.
Then we can check that ψ is in fact a K-algebra homomorphism. Therefore, ϕ is a K-algebra
automorphism. 
The following Lemma 3.2 admits a simple direct proof which we shall omit.
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Lemma 3.2. The centralizer of X inMatn(K) is K[X].
The following result is a generalization of [Ja, Lemma 4.2]. In this lemma only the case of
char(K) = 2 was considered.
Lemma 3.3. Any K-algebra automorphism ϕ of K[X] is induced by conjugation with some upper
triangular matrix A ∈ GLn(K). For a given ϕ there is a unique such A which has only zeros in the
last column except for a 1 in the (n, n) position. Any other matrix inducing ϕ has the form AB for
some unit B in K[X].
Proof. Let ϕ(X) = X f (X), where f (X) is a unit in K[X]. Let v1, v2, . . . , vn be the basis of Kn
such that
Xv1 = 0;Xvi = vi−1, ∀2 ≤ i ≤ n.
Define A to be the matrix such that
Avi = f (X)
n−ivi.
Since f (X) is a unit, A is invertible. And for i ≥ 2, we have
AXvi = Avi−1 = f (X)n−i+1vi−1 = f (X)n−i+1Xvi = X f (X) f (X)n−ivi = X f (X)Avi.
The first and the last term are equal also for i = 1. In fact,
X f (X)Av1 = X f (X) f (X)
psv1 = f (X) f (X)
psXv1 = 0.
Therefore AX = X f (X)A and thus
AXA−1 = ϕ(X).
When f (X)n−ivi is expressed in terms of vj, only vj with j ≤ i can have nonzero coeffi-
cients. (The shape of the polynomial f (X)n−i is not important for this observation.) Thus A
is upper triangular. Moreover, since Avn = vn, the last column of A has only zero entries ex-
cept for a 1 at the (n, n) position. Also note that if f (X) = 1+ aX+ · · · then A is a unipotent
upper triangular matrix.
Now assume that A0 also induces ϕ. Then A0XA−10 = AXA
−1. Hence A−1A0X =
XA−1A0. Thus A−1A0 = B, i.e., A0 = ABwith B a unit in K[X]. Assume further that the last
column of A0 contains only zero except for a 1 at the (n, n) position. Then A0vn = vn. Hence
Bvn = A−1A0vn = A−1vn = vn.
Writing B = a0 + a1X+ · · · implies that a0 = 1 and ai = 0 for all 1 ≤ i ≤ n− 1. Hence B = 1
and A0 = AB = A. 
Lemma 3.4. Let the notation be as above. Let B = 1+ X. Let k be a positive integer. Then
(1) There exists a unique matrix A in Un(K) with only zero entries in the last column except at
the (n, n) position such that
ABA−1 = B1+p
k
.
(2) If p = 2 then there exists a unique matrix A in Un(K) with only zero entries in the last
column except at the (n, n) position such that
ABA−1 = B−(1+2
k).
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Proof. We define a K-algebra automorphism ϕ(X) of K[X] by
ϕ(X) :=
{
X(1+ Xp
k−1 + Xpk) if we are in Part (1),
X(1+ X2
k−1 + X2k)(1+ X)−(1+2k) if we are in Part (2).
Then
ϕ(1+X) =
{
1+ X(1+ Xp
k−1 + Xpk) = (1+ X)1+pk if we are in Part (1),
1+ X(1+ X2
k−1 + X2k)(1+ X)−(1+2k) = (1+ X)−(1+2k) if we are in Part (2).
By Lemma 3.3, there exists an upper triangular matrix A such that
AXA−1 = ϕ(X),
or equivalently,
A(1+ X)A−1 = ϕ(1+ X).
Also from the construction of A as in the proof of Lemma 3.3, we see that A is a unipotent
matrix. 
When p = 2, we also have the following result.
Lemma 3.5. Let the notation be as above. Let B = 1+ X. Assume that p = 2. Then there exists
a unique matrix A in Un(K) with only zero entries in the last column except at the (n, n) position
such that
ABA−1 = B−1.
Proof. This is proved in [Ja, page 154]. 
We will compute the order of matrix A found in Lemma 3.4, Part (1). If k > s then (1+
X)1+p
k
= (1+X)(1+Xp
k
) = 1+X and A = I by the uniqueness of A. We consider the case
k ≤ s in the following proposition.
Proposition 3.6. Let the notation be as in Lemma 3.4, Part (1). Assume that k ≤ s. Then the order
of A is ps+1−k.
First we need the following elementary lemma.
Lemma 3.7. Let a, b, l be three integers with l ≥ 1. Assume that
a ≡ b mod pl and a 6≡ b mod pl+1.
Then ap ≡ bp mod pl+1 and ap 6≡ bp mod pl+2. 
Proof of Proposition 3.6. Since ϕ(1+ X) = A(1+ X)A−1 = (1+ X)1+pk , we obtain ϕpl(1+
X) = Ap
l
(1+ X)A−pl = (1+ X)(1+pk)p
l
, for all l ≥ 0.
On the other hand, since (1+ pk) ≡ 1 mod pk and (1+ pk) 6≡ 1 mod pk+1, we obtain
(1+ pk)p
s+1−k ≡ 1 mod ps and (1+ pk)ps−k 6≡ 1 mod ps.
Thus (1+ X)(1+p
k)p
s+1−k
= 1+ X and (1+ X)(1+p
k)p
s−k 6= 1+ X since 1+ X is of order ps+1.
Hence
Ap
s+1−k
(1+ X)A−p
s+1−k
= (1+ X)(1+p
k)p
s+1−k
= 1+ X,
and
Ap
s−k
(1+ X)A−p
s−k
= (1+ X)(1+p
k)p
s−k 6= 1+ X.
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Therefore Ap
s+1−k
= 1 (by the uniqueness statement applied to ϕp
s+1−k
and Ap
s+1−k
), and
Ap
s−k 6= 1. Hence the order of A is ps+1−k. 
Let p be a prime. The extra-special group of order p3 and exponent p2 is the group
Mp3 = 〈x, y | xp
2
= yp = 1, yxy−1 = x1+p〉.
Corollary 3.8. Let p be an odd prime number and K a field of characteristic p. Let M be the cyclic
group Z/p2Z or Mp3 . The smallest number n such that M can be embedded in Un(K) is n = p+ 1.
Proof. Note that every element in Up(K) is of exponent p. Hence M cannot be embedded in
Ur(K) with r ≤ p.
If M = Z/p2Z, we define an embedding of M into Up+1(K) by sending 1 to the matrix
B = 1+ X.
If M = Mp3 then we define a group homomorphism ϕ : M → Up+1(K) by sending x to
matrix B and y to matrix A, where A is a matrix in Up+1(K) such that ABA−1 = B1+p. The
existence and uniqueness of A is assured by Lemma 3.4. Furthermore the (group) order of
A is p. Then ϕ is well-defined and ϕ is an injection. 
4. GALOIS GROUPS OF MAXIMAL p-EXTENSIONS OF RIGID FIELDS
Let p be an odd prime. Let F be a field containing a (fixed) primitive p-th root of unity.
For each a ∈ F×, let χa ∈ H1(GF,Fp) = H1(GF(p),Fp) be the character associating to a via
the Kummer map F× → H1(GF,Fp) = H1(GF(p),Fp).
Definition 4.1. An element a ∈ F \ Fp is called p-rigid if χa ∪ χb = 0 implies b ∈ aiFp for
some i ≥ 0. The field F is called p-rigid if every element in F \ Fp is p-rigid.
For h > 0, let µph be the group of p
h roots of unity. We also set µp∞ to be the group of all
roots of unity of order pm for some m ≥ 0. Finally we set k ∈ N ∪ {∞} to be the maximum
of all h ∈ N ∪ {∞} such that µph ⊆ F. Then we have the following theorem, see [CMQ,
Theorem 4.10] and also [Wa3, Theorem 2] for part (2).
Theorem 4.2. Suppose F is a p-rigid field and let G = GF(p). Then we have the following.
(1)
G/G(n) =
{(
∏I Z/pn−1Z
)
⋊Z/pn−1Z if k < ∞,
∏I Z/pn−1Z if k = ∞.
(2)
G =
{(
∏I Zp
)
⋊Zp if k < ∞,
∏I Zp if k = ∞.
Moreover when k < ∞ there exists a generator σ of the outer factor Z/pn−1Z in (1) and of the outer
factor Zp in (2) such that for each τ from the inner factor ∏I Z/pn−1Z in (1) and each τ from the
inner factor ∏I Zp in (2) we have
στσ−1 = τp
k+1.
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Corollary 4.3. Let F be a p-rigid field and G = GF(p). Let n ≥ 2 and let s be the integer such that
ps−1 < n ≤ ps. Then G(n) = Gps and
G/G(n) =
{
(∏I Z/psZ)⋊ Z/psZ if k < ∞,
∏I Z/psZ if k = ∞.
Moreover when k < ∞ there exists a generator σ of the outer factor Z/psZ such that for each τ from
the inner factor ∏I Z/ps+1Z we have
στσ−1 = τp
k+1.
Proof. The first statement G(n) = Gp
s
is proved at the end of the paper [CMQ]. The second
statement follows from Theorem 4.2 and G(s+1) = Gp
s
[CMQ, Remark 4.2]. 
5. KERNEL UNIPOTENT CONJECTURE OVER ODD RIGID FIELDS
Proposition 5.1. Let k ≥ 1 be an integer. Let H be a pro-p-group. Assume that H satisfies one of
the following conditions.
(1)
H ≃ (∏
I
Z/ps+1Z).
(2)
H ≃ (∏
I
Z/ps+1Z)⋊ (Z/ps+1Z) =: U⋊V,
and there exists a generator σ ∈ V for V such that στσ−1 = τpk+1, for all τ ∈ U.
(3) If p = 2 and
H ≃ (∏
I
Z/ps+1Z)⋊ (Z/ps+1Z) =: U⋊V,
and there exists a generator σ ∈ V for V such that στσ−1 = τ−(2k+1), for all τ ∈ U.
(4) If p = 2 and
H ≃ (∏
I
Z/ps+1Z)⋊ (Z/ps+1Z) =: U⋊V,
and there exists a generator σ ∈ V for V such that στσ−1 = τ−1, for all τ ∈ U.
Let n = ps + 1. Then for every u ∈ H, u 6= 1, there exists a representation H → Un(Fp) such that
ρ(u) 6= 1.
Proof. Let B := 1+ X be as in Lemmas 3.4 and 3.5.
(1) We write u = (ui)I ∈ U and let Ci be a copy of Z/ps+1Z at the i-th coordinate in U.
Then there exists i0 such that ui0 is not the indentity element in Ci0 . Let τ be a generator of
Ci0 and let us write ui0 = τ
a with ps+1 ∤ a. We define a representation ρ : H → Un(Fp) by:
ρ(τ) 7→ B, ρ(Ci) = 1 for all i 6= i0. Since Bps+1 = 1, ρ is a well-defined homomorphism.
Moreover ρ(u) = ρ(ui0) = B
a 6= 1.
(2)-(4): For convenience, for any element g in a group G, we write ϕ(g) = g1+p
k
, g−(1+2k), or
g−1 if we are in Part (2), Part (3), or Part (4) respectively.
In our construction of suitable homomorphisms ρ : U ⋊V → U4(Fp) below, we use the
fact that the semidirect presentations (2), (3) and (4) allow us to pick up generators τi, i ∈ I,
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of U and a generator σ of V such that defining relations for U⋊V, besides orders of genera-
tors and trivial commutators [τi, τj], are just relations στiσ−1 = ϕ(τi), i ∈ I.
We write x = uv, with u ∈ U, v ∈ V.
Case 1: v 6= 1. We define a group homomorphism ρ : H → Un(Fp) as follow: ρ(τ) = 1
for all τ ∈ U and ρ(σ) = B. This is a well-defined homomorphism since it is clear that
B1B−1 = 1 = ϕ(1) and that Bps+1 = 1. Writing v = σa for some a ∈ Z such that ps+1 ∤ a
(v 6= 1 in V). Since B is of order ps+1, ρ(x) = ρ(v) = Ba 6= 1, as desired.
Case 2: v = 1. Then u 6= 1.
By Lemmas 3.4 and 3.5, there exists A ∈ Un(Fp) such that ABA−1 = ϕ(B). We can define
a representation ρ : U ⋊ V → Un(Fp) such that ρ(x) = ρ(u) 6= 1 as follows. We write
u = (ui)I ∈ U and let Ci be a copy of Z/pn+1Z at the i-th coordinate in U. Then there exists
i0 such that ui0 is not the indentity element in Ci0 . Let τ0 be a generator of Ci0 , and let us write
ui0 = τ
a
0 with p
s+1 ∤ a. We define ρ by: ρ(τ0) 7→ B, ρ(Ci) = 1 for all i 6= i0 and ρ(σ) = A.
Since Bp
s+1
= 1, we see that ρ(τp
s+1
) = 1 for all τ ∈ U. We also have ρ(σps+1) = Aps+1 = 1
by Proposition 3.6. Since ABA−1 = ϕ(B) and hence ABrA−1 = ϕ(B)r = ϕ(Br) for all r, we
see that ρ(στσ−1) = ϕ(ρ(τ)) = ρ(ϕ(τ)) for all τ ∈ U. Therefore, we conclude that ρ is a
well-defined homomorphism. Moreover ρ(u) = ρ(ui0) = B
a 6= 1. 
Theorem 5.2. Let p be a prime number and let F be a rigid field. Let G = GF(p) be the Galois group
of the maximal p-extension of F. Then for any natural number n,
G(n) =
⋂
ρ
ker(ρ : G → Un(Fp)),
where ρ runs over the set of all continuous homomorphisms G → Un(Fp).
Proof. ByCorollary 4.3, for any integer s ≥ 0we have G(ps+1) = G(ps+2) = · · · = G(ps+1). Thus
it is enough to consider the case n = ps + 1. Then the statement follows from Corollary 4.3
and Proposition 5.1. 
Demushkin groups of rank 2. (In this subsection we also consider p = 2.) Recall (see e.g.,
[La, Se1]) that a pro-p-group G is said to be a Demushkin group if
(1) dimFp H
1(G,Fp) < ∞,
(2) dimFp H
2(G,Fp) = 1,
(3) the cup product H1(G,Fp) × H1(G,Fp) → H2(G,Fp) is a non-degenerate bilinear
form.
We call d := dimFp H
1(G,Fp) the rank of G. When the rank d = 2 then G has the following
presentation (see [Se1, page 147]): G is isomorphic to a pro-p-group on two generators x, y
subject to one relation in one of the following types
(Type 1) yxy−1 = x,
(Type 2) yxy−1 = x1+q for some q with (q = pk ≥ p if p > 2) and (q = 2k ≥ 4 if p = 2),
(Type 3) yxy−1 = x−1 and p = 2,
(Type 4) yxy−1 = x−(1+m) for some m = 2k ≥ 4 and p = 2.
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Let F be a local field of residue characteristic different from p. Assume that F contains a
primitive p-th root of unity. Then the Galois group GF(p) of the maximal p-extension of F is
a Demushkin group of rank 2.
Lemma 5.3. Let G be a Demushkin pro-p-group generated by x, y and subject to one relation as
above. Let n ≥ 2 and let s be a unique integer such that ps−1 < n ≤ ps. Then G(n) = Gps and
G/G(n) =


Z/psZ ×Z/psZ if we are in Type 1,
Z/psZ ⋊Z/psZ if we are in Type 2,
Z/2sZ ⋊Z/2sZ if we are in Type 3,
Z/2sZ ⋊Z/2sZ. if we are in Type 4.
Moreover, let σ be the image of x in the outer factor Z/ps, then for each τ from the inner factor
Z/psZ we have
στσ−1 = τ1+p
k
if we are in Type 2,
στσ−1 = τ−1 if we are in Type 3,
στσ−1 = τ−(1+2
k) if we are in Type 4.
Proof. If we are in Types (1)-(2), one can see that [G,G] ⊆ Gp and if we are in Type 4, one has
[G,G] ⊆ G4. Hence G is powerful ([DDMS, Chapter 3, Definition 3.1]). Hence in these cases,
G(n) = G
ps by [DDMS, Exercise 4, p. 289]. If we are in Type 3, one can show that G(n) = G2
s
by induction on n.
Then the remaining statements are straightforward. 
Proposition 5.4. Let G be a pro-p-group. Assume that G is a Demushkin group of rank 2. Then for
any natural number n,
G(n) =
⋂
ρ
ker(ρ : G → Un(Fp)),
where ρ runs over the set of all continuous homomorphisms G → Un(Fp).
Proof. This proof is similar to that of Theorem 5.2, using Lemma 5.3 instead of Corollary 4.3.

Remark 5.5. If the rank of a Demushkin group G is 1 then G is a cyclic group of order 2, and
hence the Kernel n-Unipotent Conjecture is true for G.
Remark 5.6. Every Demushkin group G of rank 2 is realizable as GF(p) for some field F. In
fact, if its relation is of Type 1, then G ≃ GF(2) with F = C((X))((Y)) (see [Wa1, Corollary
3.9, part (2)]). Now assume that the relation is of Type 2. By Dirichlet’s theorem on primes
in arithmetic progressions, there is a prime number ℓ such that ℓ = pk + 1 + pk+1a, for
some a ∈ Z. Then by [Se2, Exercise 2, page 98], the Galois group GQℓ(p) is isomorphic to a
Demushkin group on two generators x, y with one relation
yxy−1 = x1+p
k
.
Similarly, assume that we are given a pro-2 Demushkin group G with generators x, y such
that the relation is of Type 4:
yxy−1 = x−(1+2
k).
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Then by choosing a prime number ℓ such that ℓ = 2k − 1+ 2k+1a, for some a ∈ Z, we see
that the Galois group GQℓ(2) is isomorphic to G (see [Se2, Exercise 2, page 98]). For the case
that our given pro-2 Demushking group is of Type 3, we refer the reader to [JW, Table 5.2,
Example 5]. Unfortunately, in this table there is a reference to Remark 2.6 which is missing
in the paper in [JW]. However, for our purposes, it suffices to observe that the required field
is M((T)). Where M is a maximal algebraic extension of R(X)(
√−(1+ X2)), subject to the
condition that
√−1 6∈ M.
6. COMPARISON BETWEEN FILTRATIONS
Let G be a pro-p-group. Let us consider two filtrations on G: the descending p-central
series (G(i)) and the p-Zassenhaus filtration (G(i)) of G. In general we always have G(i) ⊆
G(i), for all i and all p and G(3) = G(3) if p = 2. From the very definition, we get G(p+1) ⊆
G(3). Indeed, we have
G(3) = (G(2))p[G(2),G] and G(p+1) = (G(2))
p ∏
i+j=p+1
[G(i),G(j)].
Since G(2) = G(2) and [G(i),G(p+1−i)] ⊆ [G(2),G] = [G(2),G] for all i = 1, . . . , p, we get
G(p+1) ⊆ G(3). For convenience, we introduce another filtration G<n>, called the kernel
filtration, on group G which is defined by
G<n> :=
⋂
ρ
ker(ρ : G → Up+1(Fp)),
where the intersection is taken over the collection of all (continuous) group homomorphisms
ρ : G → Up+1(Fp). Note that by [MT1, Lemma 3.6], one always has
G(n) ⊆ G<n>.
The kernel conjecture can be restated as the following:
Conjecture 6.1. Let F be a field of characteristic 6= p, containing a primitive pth root of unity. Let
G = GF(p) be the Galois group of the maximal pro-p-extension of F. Then for any n, one has
G(n) = G<n>.
Inspired by Corollary 3.8 and the kernel conjecture, we have the following result which is
interesting in its own right.
Proposition 6.2. Let p be prime and let F be a field of characteristic 6= p, which contains a primitive
p-th root of 1. Let G = GF(p) be the Galois group of the maximal p-extension of F.
(1) We have
G(p+1) ⊆ G<p+1> ⊆ G(3).
(2) Assume further that G is not isomorphic to the trivial group 1 or the cyclic group Z/2Z then
p+ 1 is the smallest integer n with the property that G(n) ⊆ G(3).
Proof. a) By [EM1, Main Theorem], G(3) is the intersection of the kernels of all homomor-
phisms from G to Z/p2Z or to Mp3 . Then Corollary 3.8 implies that
G(3) ⊇ ⋂
ρ
ker(ρ : G → Up+1(Fp)) = G<p+1>.
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b) We first show that if G is not isomorphic to 1 or Z/2Z then G[3] := G/G(3) is of exponent
exactly p2. It is clear that every element of G[3] is of order at most p2, so it remains to show
that G[3] contains an element of order p2.
First we treat the case p > 2. Since G is a non-trivial pro-p-group, one has Hom(G,Fp) ≃
Hom(G/G(2),Fp) 6= 1 (see for example [Se2, Corollary 2, page 19]). In particular we can
take an element x ∈ G \ G(2). Then x has order exactly p2 in G[3] because xp2 ∈ G(3) and
by [EM1, Proposition 12.3] (see also [BLMS, Theorem A.3]) we know that every element of
G/G(3) of order p is in fact in G(2)/G(3).
Now we consider the case p = 2 and assume that G[3] = G/G(3) is of exponent (at most)
2. This implies in particular that G[3] is abelian and is isomorphic to (Z/2Z)I . By the classi-
fication of abelianW-groups [MS1, Theorems 3.12 and 3.13] (note that theW-groups defined
there coincide with groups of the form G[3]F ), then G
[3], which is also denoted by GF in [MS1],
is the trivial group or isomorphic to Z/2Z. One can check directly that this means that F is
F(2), or F has a unique quadratic extension L = L(2) = F(2). (Here for a field F, we denote
F(2) the maximal 2-extension of F.) Hence G itself is trivial or isomorphic to Z/2Z. This
contradicts our assumption. Hence G[3] is of exponent 4.
On the other hand, from the definition of the p-Zassenhaus filtration, we see that G/G(p)
is of exponent (at most) p. Therefore there cannot exist any surjections from
G/G(p) → G/G(3).
In particular, G(3) does not contain G(p) and hence also does not contain G(n) for all 1 ≤ n ≤
p. 
Remark 6.3. a) The proof of Proposition 6.2 part b) shows that for a non-trivial pro-p-group
G, which is also not isomorphic to Z/2Z, if G/G(3) is of exponent p then G 6∼= GF(p) for any
field F containing a primitive p-th root of unity. Note also that if G/G(3) is of exponent p
then G(3) in fact contains G(p).
b) There are examples of pro-p-groups G such that G does not satisfy the conclusion in
part a) of Proposition 6.2 (see Appendix). Then such pro-p-groups also cannot be realized as
GF(p) for any field F containing a primitive p-th root of unity.
7. REVIEW OF MASSEY PRODUCTS IN THE COHOMOLOGY OF PROFINITE GROUPS
Let p be a prime number. Let G be a profinite group. We consider Fp as a trivial discrete
G-module. Let C•(G,Fp, δ) be the standard inhomogeneous continuous cochain complex
of G with coefficients in Fp [NSW, Ch. I, §2]. We write Hi(G,Fp) for the corresponding
cohomology groups.
We shall assume that α1, . . . , αn are elements in H1(G,Fp).
Definition 7.1. A collection M = (aij), 1 ≤ i < j ≤ n+ 1, (i, j) 6= (1, n+ 1), of elements of
C1(G,Fp) is called a defining system for the n-fold Massey product 〈α1, . . . , αn〉 if the following
conditions are fulfilled:
(1) ai,i+1 represents αi.
(2) δαij = ∑
j−1
l=i+1 ail ∪ alj for i+ 1 < j.
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Then ∑nk=2 a1k ∪ ak,n+1 is a 2-cocycle. Its cohomology class in H2(G,Fp) is called the value of
the product relative to the defining system M, and is denoted by 〈α1, . . . , αn〉M.
The product 〈α1, . . . , αn〉 itself is the subset of H2(G,Fp) consisting of all elements which
can be written in the form 〈α1, . . . , αn〉M for some defining system M.
From the condition (2) in the above definition, we see that if 〈α1, . . . , αn〉 is defined, then
every k-fold Massey product 〈αi, . . . , αi+k−1〉 with 2 ≤ k < n is defined and contains 0.
Recall that Un+1(Fp) is the group of all upper-triangular unipotent (n + 1) × (n + 1)-
matrices with entries in Fp. Let Zn+1(Fp) be the subgroup of all such matrices with all off-
diagonal entries being 0 except at position (1, n+ 1). We may identify Un+1(Fp)/Zn+1(Fp)
with the group U¯n+1(Fp) of all upper-triangular unipotent (n+ 1)× (n+ 1)-matrices with
entries over Fp with the (1, n+ 1)-entry omitted.
For a representation ρ : G → Un+1(Fp) and 1 ≤ i < j ≤ n + 1, let ρij : G → Fp be the
composition of ρ with the projection from Un+1(Fp) to its (i, j)-coordinate. We use similar
notation for representations ρ¯ : G → U¯n+1(Fp). Note that ρi,i+1 (resp., ρ¯i,i+1) is a group
homomorphism.
Theorem 7.2 ([Dwy, Theorem 2.4]). Let α1, . . . , αn be elements of H1(G,Fp). There is a one-one
correspondence M ↔ ρ¯M between defining systems M for 〈α1, . . . , αn〉 and group homomorphisms
ρ¯M : G → U¯n+1(Fp) with (ρ¯M)i,i+1 = −αi, for 1 ≤ i ≤ n.
Moreover 〈α1, . . . , αn〉M = 0 in H2(G,Fp) if and only if the dotted arrow exists in the following
commutative diagram
G
ρ¯M
ww♣
♣
♣
♣
♣
♣
♣
0 // Fp // Un+1(Fp) // U¯n+1(Fp) // 1.
Explicitly, the one-one correspondence in Theorem 7.2 is given by: For a defining system
M = (aij) for 〈α1, . . . , αn〉, ρ¯M : G → U¯n+1(Fp) is given by letting (ρ¯M)ij = −aij.
Corollary 7.3. Let ρ : G → Un+1(Fp) be a group homomorphism, then the n-fold Massey product
〈−ρ1,2, . . . ,−ρn,n+1〉 is defined and contains 0.
8. VANISHING OF MASSEY PRODUCTS OVER ODD RIGID FIELDS
Theorem 8.1. Let p be a prime number and n ≥ 3 an integer. Let F be a field. Assume that F
contains a primitive p-th root of unity if char(F) 6= p and assume further that if p = 2 then −1 is
in F2. Let G be the absolute Galois group GF of F or its maximal pro-p quotient GF(p). Then for any
χ ∈ H1(G,Fp), the n-fold Massey product 〈χ, . . . ,χ〉 is defined and contains 0.
It is enough to consider the case G = GF(p). Also if char(F) = p then by a result of Witt
([Wi1], [Se1, Chapter II, §2, Corollary 1]), we know that GF(p) is a free pro-p-group. Hence,
〈χ, . . . ,χ〉 = 0.
So we may assume that char(F) 6= p, and let us fix a primitive p-th root of unity ξ. Then
χ = χa for some a ∈ F×, where χa ∈ H1(GF,Fp) = H1(GF(p),Fp) is the character associat-
ing to a via the Kummer map F× → H1(GF,Fp) = H1(GF(p),Fp).
Also it suffices to consider the case n = ps for some integer s since if the m-fold Massey
product 〈χa, . . . ,χa〉 is defined, then for all 2 ≤ n < m, all n-foldMassey products 〈χa, . . . ,χa〉
are defined and contain 0. Also we can assume a 6∈ Fp.
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For each integer r ≥ 1, we choose a primitive pr-th root of unity ζps in the way that
ζ
p
pr+1 = ζpr .
Proof. Case 0: First we assume that ζps+1 is in F. Then the polynomial X
ps+1 − a is irreducible
over F since a 6∈ (F×)p. Let L = F(a1/ps+1). Then L/F is a cyclic extension of order ps+1
whose Galois group generated by σ, where σ defined by σ(a1/p
s+1
) = ζps+1a
1/ps+1 . We define
a representation ϕ from Gal(L/F) → Ups+1(Fp) by ϕ(σ) = B = 1 + X, where X is the
matrix as in the beginning of Section 3. Then ϕ is well-defined since Bp
s+1
= 1. (In fact ϕ
is an isomorphism to its image.) Let ρ : Gal(F) → Ups+1(Fp) be the composite Gal(F) ։
Gal(L/F)
ϕ→ Ups+1(Fp). We claim that ρi,i+1 = χa, for i = 1, . . . , ps. Indeed, since both
maps ρ and χa factor through the quotient Gal(L/F), it suffices to check on the generator σ
of Gal(L/F). Since σ(a1/p) = σ(a1/p
s+1
)p
s
= a1/pζp, one has
ϕi,i+1(σ) = 1 = χa(σ).
Therefore ρi,i+1 = χa. It implies that 〈−χa, . . . ,−χa〉 contains 0 and hence 〈χa, . . . ,χa〉 also
contains 0.
From now on, we assume that ζps+1 is not in F. Let p
k be the largest index such that ζpk
is in F, 1 ≤ k ≤ s.
Case 1: Assume that the polynomial Xp
s+1 − a is irreducible over F(ζps+1). Then the ex-
tension L := F(ζps+1 , a
1/ps+1) is Galois over F. Define two automorphisms σ, τ ∈ Gal(L/F)
as follows:
τ : a1/p
s+1 7→ ζps+1a1/p
s+1
and τ : ζps+1 7→ ζps+1 ;
σ : ζps+1 7→ ζ1+p
k
ps+1
and σ : a1/p
s+1 7→ a1/ps+1 .
Then we have
στσ−1(ζps+1) = ζps+1 ;
στσ−1(a1/p
s+1
) = στ(a1/p
s+1
) = σ(ζps+1)a
1/ps+1 = ζ
1+pk
ps+1 a
1/ps+1 = τ1+p
k
(a1/p
s+1
).
Therefore στσ−1 = τ1+pk (*). In the group Gal(L/F), the order of τ is ps+1 and that of σ is
ps+1−k and the group Gal(L/F) is presented as
Gal(L/F) =
〈
σ, τ | τps+1 = σps+1−k = 1, στσ−1 = τ1+pk〉.
Let B = 1 + X and A in Ups+1(Fp) be the matrices as in Lemma 3.4 so that ABA−1 =
B1+p
k
(*). We define a homomorphism ϕ from Gal(L/F) to Ups+1(Fp) by letting ϕ(τ) = B
and ϕ(σ) = A. Then ϕ is indeed well-defined because (∗) holds, ord(B) = ps+1 and
ord(A) = ps+1−k by Proposition 3.6. (In fact, ϕ is an isomorphism to its image.) Let
ρ : Gal(F) → Ups+1(Fp) be the composite Gal(F) ։ Gal(L/F) ϕ→ Ups+1(Fp). We claim
that ρi,i+1 = χa, for each i = 1, . . . , ps. Indeed, since both maps ρ and χa factor through
the quotient Gal(L/F), it suffices to check on the generators of Gal(L/F). Since τ(a1/p) =
(τ(a1/p
s+1
))p
s
= ζpa1/p, we get
ϕi,i+1(τ) = 1 = χa(τ).
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On the other hand, since σ(a1/p) = a1/p and the nearby diagonal entries of the matrix A are
0, we get
ϕi,i+1(σ) = 0 = χa(σ).
Therefore ρi,i+1 = χa. This implies that 〈−χa, . . . ,−χa〉 contains 0 and hence 〈χa, . . . ,χa〉 also
contains 0.
Case 2: Now assume that Xp
s+1 − a is reducible over F(ζps+1). Then this implies that a is
in F(ζps+1)
p if p > 2 and it is in −4F(ζ2s+1)4 ⊆ F(ζ2s+1)2 if p = 2 by [Lan, Chapter VI, §9,
Theorem 9.1]. So in any case, we always have a in F(ζps+1)
p. Since F(ζps+1)/F is a cyclic ex-
tension (of degree ps+1−k), a p-th root a1/p of a has to be in F(ζpk+1). By Kummer theory, we
get a ∈ 〈[ζpk ]〉 ⊆ F×/F× p. Thus a = ζmpk mod F×
p for some 0 < m < p. Hence χa = mχζ
pk
.
By the linearity of Massey products (see e.g. [Fe, Lemma 6.2.4]), to show 〈χa, . . . ,χa〉 is de-
fined and contains 0, it suffices to show that 〈χζ
pk
, . . . ,χζ
pk
〉 is defined and contains 0, i.e., we
can assume from the beginning that a = ζpk .
Now let L = F(ζps+1+k). Then L/F is a cyclic extension of order p
s+1 whose Galois group
is generated by σ, where σ(ζps+1+k) = ζps+1 .ζps+1+k = ζ
1+pk
ps+1+k
. We define a representation
ϕ from Gal(L/F) → Ups+1(Fp) by ϕ(σ) = B = 1 + X. Then ϕ is well-defined. Let ρ :
Gal(F) → Ups+1(Fp) be the composite Gal(F) ։ Gal(L/F) ϕ→ Ups+1(Fp). We claim that
ρi,i+1 = χa, for each i = 1, . . . , ps. Indeed, since both maps ρ and χa factor through the
quotient Gal(L/F), it suffices to check on the generator σ of Gal(L/F). Since σ(a1/p) =
σ(ζ
ps
ps+1+k
) = (ζps+1 .ζps+1+k)
ps = a1/pζp, one has
ϕi,i+1(σ) = 1 = χa(σ).
Therefore ρi,i+1 = χa. This implies that 〈−χa, . . . ,−χa〉 contains 0 and hence 〈χa, . . . ,χa〉 also
contains 0. 
Example 8.2. Let p be a prime number and G = Z/pZ. Let χ ∈ H1(G,Fp) be the identity
map. In [MT1, Example 4.6], it is shown that if p > 2 then the p-fold Massey product
〈χ, . . . ,χ〉 is defined but does not contain 0.
Now assume that p = 2, we claim that the 4-fold Massey product 〈χ,χ,χ,χ〉 is not de-
fined. For a contradiction, suppose that the 4-fold Massey product 〈χ, . . . ,χ〉 is defined,
then there exists a representation ρ : G → U¯5(F2) such that ρi,i+1 = χ, for i = 1, . . . , 4. Let
B¯ := ρ(1¯) ∈ U¯5(F2). Then all entries of B¯ at the positions (i, i+ 1), i = 1, . . . , 4, are equal to
1. Hence B2 6= 1, this contradicts with the fact that B¯ is the image of an element of order 2.
Remark 8.3. Theorem 8.1 is a generalization of [MT1, Proposition 4.5]. In [MT1] we use the
latter result to provide an explanation to a part of the well-known Artin-Schreier’s theorem
[AS1, AS2] (respectively, Becker’s theorem [Be]) which says that the absolute Galois group
GF (respectively, its maximal pro-p-quotient GF(p)) of any field F cannot have an element of
odd prime order.
We now use Theorem 8.1 to give an explanation to the full Artin-Schreier theorem (re-
spectively, Becker’s theorem) which further says that GF (respectively, GF(2)) cannot have
elements of finite order greater than 2. In fact, it suffices to show that the absolute Galois
group GF = Gal(Fsep/F) cannot be of order 4. First note that Theorem 8.1 and Example 8.2
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imply that for any field L if GL ≃ Z/2Z then −1 6∈ L2. (Not suprisingly L2 means the set of
all squares in L.)
Now suppose that |GF| = 4. Let H be a subgroup of GF of order 2 and let K be the fixed
field (Fsep)H. Then GK ≃ Z/2Z. Thus −1 is not in K2, in particular −1 is not in F2. Let
L := F(
√−1). Then Gal(L/F) is of order 2. Therefore GL ≃ Z/2Z, hence −1 6∈ L2, which is
impossible.
For 1 ≤ k ≤ s, we define the group
Mp,k,s =
〈
σ, τ | τps+1 = σps+1−k = 1, στσ−1 = τ1+pk〉 ≃ Z/ps+1Z ⋊Z/ps+1−kZ.
We have a natural epimorphism λ : Mp,k,s → Z/psZ defined by τ 7→ 1¯, σ 7→ 0¯. Note that
when k = s = 1,Mp,1,1 ≃ Mp3 . The following result is a corollary of the proof of Theorem 8.1.
This result is also a generalization of [EM1, Proposition 10.2].
Corollary 8.4. Let p > 2 be an odd prime and s ≥ 1 an integer. Let G = GF or GF(p) for a field F
containing a primitive p-th root of unity. Let ψ : G → Z/psZ be an epimorphism. Then
(1) If F contains a primitive ps+1-th root of unity, then ψ factors through the natural map
Z/ps+1 → Z/ps.
(2) If F does not contain a primitive ps+1-th root of unity, then ψ factors through one of the
epimorphisms:
(a) the natural map Z/ps+1 → Z/ps;
(b) the map λ : Mp,k,s → Z/psZ defined by τ 7→ 1¯, σ 7→ 0¯, where k is the largest integer
such that F contains a primitive pk-th root of unity.
Theorem 8.5. Let n ≥ 3 be an integer and let p be an odd prime number. Let F be a p-rigid field,
which contains a primitive p-th root of unity. Then for any α1, . . . , αn ∈ H1(GF,Fp), the n-fold
Massey product 〈α1, . . . , αn〉 contains 0 whenever it is defined.
Proof. For each i, αi = χai for some element ai ∈ F×. If one of the ai’s is in (F×)p then the
corresponding character χai is trivial and hence the result follows.
We assume now that all ai’s are not in (F×)p. Since 〈χa1 , . . . ,χan〉 is defined, χa1 ∪ χa2 = 0.
This implies that a2 = ak1F
p for some 1 ≤ k < p since F is p-rigid. Hence χa2 = kχa1 . By the
linearity of Massey products (see e.g. [Fe, Lemma 6.2.4]), it is enough to consider the case
k = 1, i.e., χa2 = χa1 . Similarly, it is enough to consider the case that all χai ’s are equal. But
in this case Theorem 8.1 applies and hence the result follows. 
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APPENDIX
by Ido Efrat, Ján Minácˇ and Nguyễn Duy Tân.
In this appendix we construct, for each n ≥ 3, examples of pro-p groups which do not
satisfy the kernel n-unipotent property. These examples are not realizable as maximal pro-p
Galois groups of fields containing a root of unity of order p. They also show that several
other related results on the structure of such maximal pro-p Galois groups are not valid for
general torsion-free pro-p groups (see the remarks below).
Let us keep the notation being as in Section 6. We fix an integer N ≥ 1. Let S be a free
pro-p group on generators x1, . . . , xN . Let R0 be the closed normal subgroup of S generated
by
rij = [x1, x2][xi, xj]−1, 1 ≤ i < j ≤ N,
and let R be any closed normal subgroup of S such that RS(3) = R0S(3). Let G = S/R and
denote the coset of xi in G by x¯i. We note that G(3) = RS(3)/R. We also fix a set L of finite
groups, and set
GL =
⋂
H∈L
⋂
ρ
Ker(ρ),
where the second intersection is over all group homomorphisms ρ : G → H.
Proposition A.1. Suppose that N > |H| for every H ∈ L. Then:
(a) [x¯1, x¯2] 6∈ G(3);
(b) [x¯1, x¯2] ∈ GL;
(c) GL 6⊆ G(n) for every n ≥ 3.
Proof. (a) Let T be the subgroup of S generated by the commutators [xi, xj], 1 ≤ i <
j ≤ N. By [Vo, Proposition 1.3.2], the cosets of these commutators in S(2)/S(3) are Z/pZ-
linearly independent. Therefore we can define a homomorphism ϕ : TS(3)/S(3) → Z/pZ by
ϕ([xi, xj]S(3)) = 1 for 1 ≤ i < j ≤ N. Then ϕ(rij mod S(3)) = 0 for each 1 ≤ i < j ≤ N, and
hence RS(3)/S(3) ⊆ ker(ϕ). On the other hand [x1, x2] mod S(3) is not in ker(ϕ). Therefore
[x1, x2] 6∈ RS(3), and hence [x¯1, x¯2] 6∈ G(3).
(b) Let H ∈ L and let ρ : G → H be a group homomorphism. Since N > |H|, there exist
1 ≤ i < j ≤ N such that ρ(x¯i) = ρ(x¯j). Since [x¯1, x¯2] = [x¯i, x¯j] in G, we have ρ([x¯1, x¯2]) =
ρ([x¯i, x¯j]) = [ρ(x¯i), ρ(x¯j)] = 1, as desired.
(c) Use (a), (b), and the inclusion G(n) ⊆ G(3). 
Remarks A.2. (1) Proposition A.1(c) with L = {Un(Fp)} gives G〈n〉 6⊆ G(n) for n ≥ 3
and N > |Un(Fp)|. Thus G does not satisfy the kernel n-unipotent condition for any
n such that n ≥ 3 and N > p(n−1)n/2.
(2) In particular, suppose that N > p3. Then G does not satisfy the kernel 3-unipotent
condition. By [EM2, Theorem D] (see also [Ef1, Example 12.2]), this implies that G is
not realizable as the maximal pro-p Galois group GF(p) of any field F containing a
root of unity of order p.
(3) Let Si, Gi, i = 1, 2, . . ., be again the lower central filtrations of S,G, respectively. Take
R = R0S3. Then RS(3) = R0S(3). As R ≤ S2 we have G/G2 ∼= S/S2 ∼= ZNp . Also,
G2 = G2/G3 = 〈[x¯1, x¯2]〉 ∼= Zp. Thus in this case G is an extension of a torsion-free
group by a torsion-free group, and therefore is also torsion-free.
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(4) Let p > 2, let L = {Z/p2Z,Mp3}, and suppose that N > p3. Since G(3) ⊆ G(3),
PropositionA.1(c) implies that GL 6⊆ G(3). In view of (3), this shows that the property
of absolute Galois groups given in [EM1, Main Theorem] does not hold in general for
torsion-free pro-p groups. Similarly, taking p = 2 and L = {Z/2Z,Z/4Z,D4}, we
obtain that the property of absolute Galois groups given in [MS2, Corollary 2.18] (see
also [EM1, Corollary 11.3]) does not hold in general for torsion-free pro-2 groups.
Finally, taking p > 2 and L = {Z/pZ,Hp3}, we obtain the same for [EM2, Theorem
D].
(5) Proposition A.1(c) with L = {Up+1(Fp)} gives G〈p+1〉 6⊆ G(3). Therefore the group
G provides us an example of a pro-p group not satisfying the conclusion in Proposi-
tion 6.2, part (1).
REFERENCES
[AS1] E. Artin and O. Schreier, Algebraische Konstruktion reeller Körper, Abh. Math. Sem. Univ. Hamburg 5
(1927) pp. 85-99. Reprinted in: Artin’s Collected Papers (Eds. S. Lang and J. Tate), Springer-Verlag,
New York, 1965, pp. 258-272.
[AS2] E. Artin and O. Schreier, Eine Kennzeichnung der reell abgeschlossenen Körper, Abh. Math. Sem. Univ.
Hamburg 5 (1927) pp. 225-231. Reprinted in: Artin’s Collected Papers (Eds. S. Lang and J. Tate),
Springer-Verlag, New York, 1965, pp. 289-295.
[Be] E. Becker, Euklidische Körper und euklidische Hüllen von Körpern, collection of articles dedicated to
Helmut Hasse on his seventy-fifth birthday, II, J. Reine Angew. Math. 268/269 (1974), 41-52.
[BLMS] J. Benson, N. Lemire, J. Minácˇ and J. Swallow,Detecting pro-p-groups that are not absolute Galois groups,
J. Reine Angew. Math. 613 (2007), 175-191.
[CM] B. Chandler and W. Magnus, The History of Combinatorial Group Theory: A Case Study in the History of
Ideas, Studies in the History of Mathematics and Physical Sciences (1st ed.), Springer, 1982.
[CMQ] S. K. Chebolu, J. Minácˇ and C. Quadrelli,Detecting fast solvablity of equations via small powerfull Galois
groups, arXiv:1310.7623, to appear in Trans. AMS.
[DDMS] J. D. Dixon, M. P. F. Du Sautoy, A. Mann and D. Segal, Analytic pro-p groups, second edition, Cam-
bridge Studies in Advanced Mathematics, 61, Cambridge University Press, Cambridge, 1999.
[Dwy] W. G. Dwyer,Homology, Massey products and maps between groups, J. Pure Appl. Algebra 6 (1975), no.
2, 177-190.
[Ef1] I. Efrat, The Zassenhaus filtration, Massey products, and representations of profinite groups, Adv. Math.
263 (2014), 389-411.
[Ef2] I. Efrat, Filtrations of free groups as intersections, Arch. Math. (Basel) 103 (2014), 411-420.
[EM1] I. Efrat and J. Minácˇ, On the descending central sequence of absolute Galois groups, Amer. J. Math. 133
(2011), no. 6, 1503-1532.
[EM2] I. Efrat and J. Minácˇ, Galois groups and cohomological functors, preprint (2011), available at
arXiv:1103.1508v1.
[EK] A. J. Engler and J. Koenigsmann, Abelian subgroups of pro-p Galois groups, Trans. Amer. Math. Soc.
350 (1998), no. 6, 2473-2485.
[Fe] R. Fenn, Techniques of Geometric Topology, London Math. Soc. Lect. Notes 57, Cambridge, 1983.
[GLMS] W. Gao, D. Leep, J. Minácˇ and T. Smith, Galois groups over nonrigid fields, Valuation theory and
its applications, Vol. II (Saskatoon, SK, 1999), 61-77, Fields Inst. Commun., 33, Amer. Math. Soc.,
Providence, RI, 2003.
[Gr] O. Grün, Über eine Faktorgruppe freier Gruppen I, Deutsche Mathematik 1 (1936), 772-782.
[HW] M. Hopkins and K. Wickelgren, Splitting varieties for triple Massey products, to appear in J. Pure Appl.
Algebra.
[Ja] G. J. Janusz, Faithful representations of p-groups at characteristic p, II, J. Algebra 22 (1972), 137-160.
[JW] B. Jacob and R. Ware, A recursive description of the maximal pro-2 Galois group via Witt rings, Math. Z.
200 (1989), no. 3, 379-396.
[Ko1] H. Koch, Über die Faktorgruppen einer absteigenden Zentralreihe, Math. Nach. 22 (1960), 159-161.
[Ko2] H. Koch, Galois theory of p-extensions, Springer Monographs in Mathematics (2001).
KERNEL UNIPOTENT CONJECTURE AND MASSEY PRODUCTS OVER RIGID FIELDS 23
[Kr] W. Krull, Galoissche Theorie der unendlichen algebraischen Erweiterungen, Math. Ann. 100 (1928), no. 1,
687-698.
[La] J. Labute, Classification of Demushkin groups, Can. J. Math. 19 (1966), 106-132.
[Lan] S. Lang, Algebra, third revised edition, Springer-Verlag, New York, 2002.
[Laz] M. Lazard, Sur les groupes nilpotents et les anneaux de Lie, Ann. Sci. E. N. S. 71 (1954), 101-190.
[Mag1] W. Magnus, Beziehungen zwischen Gruppen und Idealen in einem speziellen Ring, Math. Ann. 111 (1935),
no. 1, 259-280.
[Mag2] W. Magnus, Über Beziehungen zwischen höheren Kommutatoren, J. Reine Angew. Math. 177 (1937),
105-115.
[Mo1] M. Morishita,Milnor invariants and Massey products for prime numbers, Compositio Math. 140 (2004),
69-83.
[Mo2] M.Morishita, Knots and primes. An introduction to arithmetic topology, Universitext. Springer, London,
2012.
[MeSu] A. S. Merkurjev and A. A. Suslin, K-cohomology of Severi-Brauer varieties and the norm residue homo-
morphism, Math. USSR Izv. 21 (1983), 307-340. English translation of Russian original: Izv. Akad.
Nauk SSSR Ser. Mat. 46 (1982), no. 5, 1011-1046, 1135-1136.
[MS1] J. Minácˇ and M. Spira, Formally real fields, Pythagorean fields, C-fields and W-groups, Math. Z. 205
(1990), no. 4, 519-530.
[MS2] J. Minácˇ and M. Spira,Witt rings and Galois groups, Ann. of Math. (2) 144 (1996), no. 1, 35-60.
[MT1] J. Minácˇ and N. D. Tân, Triple Massey products and Galois theory, arXiv:1307.6624, to appear in J. Eur.
Math. Soc.
[MT2] J. Minácˇ and N. D. Tân, Triple Massey products over global fields, preprint (2014), arXiv:1403.4586 .
[MT3] J. Minácˇ and N. D. Tân, The Kernel Unipotent Conjecture in Galois theory, in preparation.
[NSW] J. Neukirch, A. Schmidt and K. Wingberg, Cohomology of number fields, second edition, Grundlehren
der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences], 323.
Springer-Verlag, Berlin, 2008.
[RZ] L. Ribes and P. Zalesskii, Profinite groups, second edition, Ergebnisse der Mathematik und ihrer
Grenzgebiete, 3. Folge, A Series of Modern Surveys in Mathematics [Results in Mathematics and
Related Areas, 3rd Series, A Series of Modern Surveys in Mathematics], 40, Springer-Verlag, Berlin,
2010.
[Ro] P. Roquette, From FLT to finite groups. The remarkable career of Otto Grün, Jahresbericht der Deutschen
Mathematiker-Vereinigung 107 (2005) 117-154.
[Röh] F. Röhl, Review and some critical comments on a paper of Grün concerning the dimension subgroup conjec-
ture, Bol. Soc. Braz. Mat. 16 (1985), 11-27.
[Se1] J.-P. Serre, Structures de certain pro-p-groups, Sém. Bourbaki, exposé 252, (1962/63).
[Se2] J.-P. Serre,Galois cohomology, Corr. 2 printing; Springer 2002 (SpringerMonographs inMathematics).
[Sko] A. I. Skopin, The factor groups of an upper central series of free groups(Russsian), Doklady Akad. Nauk
SSSR (N.S.) 74 (1950), 425-428.
[Vi] F. R. Villegas, Relations between quadratic forms and certain Galois extensions, a manuscript, Ohio State
University, 1988, http://www.math.utexas.edu/users/villegas/osu.pdf.
[Voe] V. Voevodsky,Onmotivic cohomology withZ/l-coefficients, Ann. ofMath. (2) 174 (2011), no. 1, 401-438.
[Vo] D. Vogel, Massey products in Galois cohomology of number fields, Ph.D thesis, Universität Heidelberg,
2004.
[Vo2] D. Vogel, On the Galois group of 2-extensions with restricted ramification, J. Reine Angew. Math. 581
(2005), 117-150.
[We] A. J. Weir, Sylow p-subgroups of the general linear group over finite fields of characteristic p, Proc. Amer.
Math. Soc. 6 (1955), no. 4, 454-464.
[Wa1] R. Ware,When are Witt rings group rings? II, Pacific J. Math. 76 (1978), no. 2, 541-564.
[Wa2] R. Ware, Quadratic forms and pro-2-groups. III. Rigid elements and semidirect products, Comm. Algebra
13 (1985), no. 8, 1713-1736.
[Wa3] R. Ware, Galois groups of maximal p-extensions, Trans. Amer. Math. Soc. 333 (1992), no. 2, 721-728.
[Wi1] E. Witt, Konstruktion von galoisschen Körpern der Charakteristik p zu vorgegebener Gruppe der Ordnung
p f , J. Reine. Angew. Math. 174 (1936), 237-245.
[Wi2] E. Witt, Treue Darstellung Liescher Ringe, J. Reine. Angew. Math. 177 (1937), 152-160.
24 J. MINÁCˇ ANDN. D. TÂN (WITH AN APPENDIX BY I. EFRAT, J. MINÁCˇ AND N. D. TÂN)
[Zas] H. Zassenhaus, Ein Verfahren, jeder endlichen p-Gruppe einen Lie-Ring mit der Characteristic p zuzuord-
nen, Abh. Mat. Sem. Univ. Hamburg 13 (1940) 200-207.
DEPARTMENT OF MATHEMATICS, BEN GURION UNIVERSITY OF THE NEGEV, P.O. BOX 653, BE’ER-SHEVA
84105 ISRAEL
E-mail address: efrat@math.bgu.ac.il
DEPARTMENT OF MATHEMATICS, WESTERN UNIVERSITY, LONDON, ONTARIO, CANADA N6A 5B7
E-mail address: minac@uwo.ca
DEPARTMENT OF MATHEMATICS, WESTERN UNIVERSITY, LONDON, ONTARIO, CANADA N6A 5B7 AND
INSTITUTE OF MATHEMATICS, VIETNAM ACADEMY OF SCIENCE AND TECHNOLOGY, 18 HOANG QUOC VIET,
10307, HANOI - VIETNAM
E-mail address: dnguy25@uwo.ca
